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We begin by constructing Hecke algebras for arbitrary finite regular monoids M.
We then show that the semisimplicity of the complex monoid algebra C M is
equivalent to the semisimplicity of the associated Hecke algebras and a condition
on induced group characters. We apply these results to finite Lie-type monoids M.
We show that the monoid algebra FM over a field F is semisimple if and only if
the characteristic of F does not divide the order of the unit group G. This is
accomplished by developing formulas for the unities of C J, J a J-class of M. The
unity is explicitly given when G is a simply connected Chevalley group and J is
associated with a Borel subgroup of G. Q 1999 Academic Press
INTRODUCTION
w xSolomon 15 introduced and studied the algebra e C Me where M s
Ž .M F is the multiplicative monoid of n = n matrices over a finite field Fn q q
1and e s Ý b. Here B is the Borel subgroup of upper triangularbg B< <B
w xmatrices. The author 8, 11 studied the analogous algebras for any monoid
M of Lie type.
Let M be any finite regular monoid with unit group G. For a J-class of
J of M, an idempotent e of J, and an idempotent f of M with e G f , we
Ž .construct a ``Hecke algebra'' H e, f : C J. We show that C J is semisim-C
Ž . Žple if and only if all the Hecke algebras H e, f are semisimple equiv-C
. q yalently have unities and u s u for all irreducible characters u of the
unit group of eMe. Here uq and uy are the left and right induced
w xcharacters of G, constructed by the author 10 . In such a case we develop
a formula for the unity of C J in terms of the unities of the Hecke algebras
Ž .H e, f .C
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We apply our results to the canonical monoid M of Lie type that was
w xconstructed by Renner and the author 12 . Here we have Hecke algebras
Ž . Ž .H J, J9 for J-classes J, J9 with J G J9. The Hecke algebra H J, J9 isC C
shown to have a triangular sandwich matrix, inverting which yields the
Ž .unity of H J, J9 . These unities then yield a complicated formula for theC
unity of C J for each J-class J of M. An examination of the coefficients of
the unities proves the semisimplicity of FM for any Lie-type monoid M
and any field F of characteristic not dividing the order of the unit group
w xG. This generalizes an earlier result of Okninski and the author 5 thatÂ
C M is semisimple.
Finally for a simply connected Chevalley group G, we consider in detail
Ž .the empty level algebra C J and the Hecke algebra H J corresponding toC
opposite Borel subgroups B, By and T s B l By. We show that the
Ž . Ž .entries in CT of the sandwich matrix of H J satisfy recursion rulesC
w xanalogous to those of the R-polynomials of Kazhdan and Lusztig 3 . This
Ž .then yields explicit formulas for the unities of H J and C J.C
1. PRELIMINARIES
Let G be a finite group. Let CG, char G, and Irr G denote, respectively,
the complex group algebra, character ring, and set of irreducible charac-
ters of G. Let 1 denote the trivial character of G. If w, c g char G, thenG
w s m u , c s n u , where m , n g Z.Ý Ýu u u u
ugIrr G ugIrr G
The intertwining number,
1
w , c s w , c s m n s w g c g .Ž . Ž . Ž . Ž .Ý ÝG u u < <GugIrr G ggG
If u g Irr G, then let j denote the associated primitive central idempo-u
tent. Let H be a subgroup of G. If w is a character of H, then w ›G
denotes the character of G induced from H to G:
1
y1w ›G g s w xgx .Ž . Ž .Ý< <H xgG
y1xgx gH
If c is a character of G, then c x H denotes the restriction of c to H.
Let
1
e s h g C H . 1Ž .ÝH < <H hgH
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Let u g Irr G, deg u s n. Suppose
1 ›G, u s 1 , u x H s m ) 0.Ž . Ž .H HG H
Ž .Then j ? CG ( M C and j e has trace m. Henceu n u H
xj e xy1Ý u H
xgG
< <is a central element of j ? CG with trace m G . Hence, by Schur's lemma,u
n
y1j s xj e x . 2Ž .Ýu u H< <m G xgG
Ž .Let M be a finite regular a g aMa for all a g M monoid with unit
Ž .group G. If X : M, then let E X denote the set of all idempotents in X.
Ž .If e, f g E M , then
f F e if ef s fe s f .
Let J, R, L , H denote the usual Green's relations on M: a J b if MaM s
MbM, a Rb if aM s bM, a L b if Ma s Mb, H s R l L . If J , J are1 2
J-classes, then
J F J if J : MJ M .1 2 1 2
Ž . Ž .For a g M, let J a and H a denote the J-class and H-class of a,
Ž . Ž .respectively. If e g E M , then H e is the unit group of eMe. Let
< 4P e s x g G xe s exe ,Ž .
y < 4P e s x g G ex s exe ,Ž .
< 4U e s x g G xe s e ,Ž .
y < 4U e s x g G ex s e .Ž .
Ž . Ž . y yŽ . Ž .We have homomorphisms d : P e “ H e , d : P e “ H e given bye e
d p s pe, dy q s eq for p g P e , q g Py e . 3Ž . Ž . Ž . Ž . Ž .e e
Ž . yŽ . yThen U e and U e are, respectively, the kernels of d and d . Lete e
e e s e , t e s 1 ›G. 4Ž . Ž . Ž .UŽ e. UŽ e.
Ž .If f g E M , f F e, let
U f s P e l U f , e f s e , t f s 1 ›G. 5Ž . Ž . Ž . Ž . Ž . Ž .e e U Ž f . e U Ž f .e e
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Let C M denote the complex monoid algebra of M. For a J-class J, let
0  4J s J j 0 with
ab if ab g J ,a( b s ½ 0 otherwise.
The local monoid,
M J s G j J 0 .Ž .
Let C J denote the contracted semigroup algebra of J 0; i.e., the zero of J 0
Ž . Ž .is the zero of C J. Let e g E J , H s H e . Then C H is a direct sum of
simple algebras
C H s C H 6Ž .[ u
ugIrr H
and correspondingly C J is a direct sum of ideals
C J s C J , 7Ž .[ u
ugIrr H
where C J s C J ? C H ? C J. Each C J modulo its radical is a simpleu u u
algebra. For u g Irr H, let uq and uy denote the left and right induced
w xcharacters of G that we introduced in 10 . They are constructed as
Ž . Ž .follows. G acts by conjugation on E J rR and E J rL . Let
 4  X X 4e , . . . , e , e , . . . , e denote the respective orbit representatives. Now u1 s 1 t
X Ž . Ž X .gives rise to irreducible characters u and u of H e and H e . These lifti j i j
Ž . X Ž . yŽ .via 3 to characters u and u of P e and P e , respectively. Theni j i j
uqs u ›G q ??? qu ›G,1 s
uys u X ›G q ??? qu X ›G.1 t
8Ž .
w xLet p g Irr G. Then, by 10 ,
j ? C J / 0 m p , uq ) 0,Ž .p u
C J ? j / 0 m p , uy ) 0.Ž .u p
9Ž .
Ž .By 8 and Frobenius reciprocity, we have, for p g Irr G,
p , uq ) 0 for some u g Irr H ,Ž .
m p , t f ) 0 for some f g E J ,Ž . Ž .Ž . 10Ž .
m p u / 0 for some f g E J .Ž . Ž .Ý
Ž .ugU f
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Let
&
Irr G s p g Irr G p , t f ) 0 , f g E M , 4Ž . Ž .Ž .f
& &
Irr G s Irr G.DJ f
Ž .fgE J
Let
& &
Irr G s Irr G R Irr G,DJ J J 9
J9-J
11Ž .& &
Irr G s Irr G R Irr G.Df f J 9
J9-J
Ž . Ž .Thus, by 10 , Irr G consists of irreducible characters of G that areJ
components of left induced characters coming from J, but are not compo-
nents of any left induced character coming from a J-class J9 - J.
Ž .We will say that a J-class J is idempotent-conjugate if, for all e, f g E J ,
there exists x g G such that xexy1 s f. In this case the local monoid
Ž . 0 y Ž . y yŽ .M J s G j J is uniquely determined by d , d . If P s P e , P s P e ,e e
Ž . Ž . Ž y . yH s H e , then we write M J as M G, P, P , H , with d , d beinge e
w xunderstood to be part of the data. We refer to 8, 9 for details. This
situation occurs in the theory of reductive monoids where P, Py are
opposite parabolic subgroups and H s LrK with K e L s P l Py. There
are also other settings where idempotent-conjugate J-classes arise natu-
rally. For example, let S denote the symmetric group of degree n. Letn
a , a 9 be dual partitions of n. Let e denote the standard primitive idempo-
w xtent in CS associated with the Young diagram of a , as in 2, Sect. 28 .n
Then the monoid generated by S and e is a homomorphic image ofn
Ž .M S , S , S , S , where S and S are Young subgroups associated withn a a 9 2 a a 9
a and a 9, respectively.
Ž .Let A be an algebra with idempotents e , . . . , e . Let B s A; e , . . . , e1 n 1 n
Ž .denote the algebra of n = n matrices A s a such that a g e Ae .i j i j i j
Ž .Then diag e , . . . , e is the identity element of B. Let V g B. Then, as in1 n
Ž .the case of Munn algebras, we consider the algebra B; V s
Ž .A; e , . . . , e ; V obtained by twisting the multiplication as1 n
A( B s AV B. 12Ž .
y1 Ž .If V is invertible in B, then V is the identity element of B; V and
y1 Ž .the map A “ AV is an isomorphism between B and B; V .
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2. HECKE ALGEBRAS
Let M be a finite regular monoid with unit group G. Let J be a J-class
Ž . Ž . Ž . Ž .of M, e g E J , H s H e . Let f g E M , e G f. Let Irr H be as in 11f
in the monoid eMe and let
C H s C H ,[f u
ugIrr Hf
13Ž .
C J s C J ? C H ? C J s C J .[f f u
ugIrr Hf
Let the Hecke algebra,
H e, f s e f ? C J ? e f , 14Ž . Ž . Ž . Ž .C e f e
Ž . Ž .where e f is as in 5 . It is well known that C M is semisimple if and onlye
if C J is semisimple for each J-class J. We now show that this problem
Ž . Ž .reduces to studying the Hecke algebras H e, f . Choose e g E J andC J
Ž .let H s H e .J J
THEOREM 2.1. C J is semisimple if and only if :
Ž . q yi u s u for all u g Irr H .J
Ž . Ž . Ž . Ž .ii Each Hecke algebra H e, f , e g E J , f g E M , f F e, has aC
Ž .unity h f .e
Then the unity h of C J is gi¤en byJ
deg p
y1h s 1 y 1 y xh f x ,Ž .Ł Ł ÝJ ež /< <G p , t fŽ .Ž .Ž . pgIrr GegE J e xgG
Ž Ž ..p , t f )0Ž .fgE M e
fFe
where each product is in any order.
Ž . Ž .Proof. The necessity of ii is obvious and the necessity of i follows
w x Ž . Ž .from 10, Corollary 3.4 . Assume conversely that i and ii are true. Then
Ž . Ž .i implies that the sandwich matrix of J is square. By 7 it suffices to
show that, for all u g Irr H ,J
ah s a for all a g C J .J u
Ž . Ž .Let H s H and fix u g Irr H. By 13 and 14 ,J
C J ? h f s 0 if u f Irr H , f F e . 15Ž . Ž .u e f JJ
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Ž .Let f F e , C J ? h f / 0. Then there exist a, b g J so that, in C J ,J u e uJ
Ž . Ž .ae f b / 0. It follows that C H ? e f ? C H / 0 Since C H is a simplee u e u uJ J
Ž .algebra, C H ? e f ? C H s C H . Henceu e u uJ
C J s C J ? C H ? C J : C J ? e f ? C J : C J .Ž .u u u e u uJ
Since C J : C J ,u f
e f ? C J ? h f s e f ? C J ? e f ? h fŽ . Ž . Ž . Ž . Ž .e u e e u e eJ J J J J
s e f ? C J ? e f .Ž . Ž .e u eJ J
Hence
C J ? h f / 0 « C J ? h f s C J ? e f . 16Ž . Ž . Ž . Ž .u e u e u eJ J J
Let
X s e, f e g E J , f g E M , e G f , C J ? h f / 0 .Ž . Ž . Ž . Ž . 4u u e
Let
deg p
y1j s 1 y 1 y xe f x . 17Ž . Ž .Ł Ý Ý ež /< <G p , t fŽ .Ž .Ž .e , f gX epgIrr G xgGu
Ž Ž ..p , t f )0e
Ž . Ž .By 15 and 16 ,
ah s aj for all a g C J . 18Ž .u
Ž .There exists a maximal J9 F J such that, for all J0 - J9, f g E J0 with
f F e ,J
u u s 0. 19Ž . Ž .Ý
ugH
ufsf
Ž . Ž . Ž .Let P s P e , d s d as in 3 . Then u (d g char P. Let u s u (d ›G.J e qJ
Ž q. Ž .Let p g Irr G, p , u ) 0. Then, by 8 , we can assume without loss of
Ž . Ž .generality that p , u ) 0. There exists f g E J9 , f F e , such thatq J
u u / 0. 20Ž . Ž .Ý
ugH
ufsf
Ž . Ž .Then, by 19 , u g Irr H. Also e f ? e / 0 in C H . Since C H is a simplef e u u
Ž . Ž .algebra, C H ? e f ? C H s C H . Hence C J ? e f ? C J s C J . In par-u e u u u e u u
Ž . Ž .ticular, C J ? h f / 0 and e, f g X . Letu e u
Q s Pe, V s u g H uf s f . 4
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Ž .By Frobenius reciprocity, 1 › H, u ) 0. Hence u xQ is a summand ofV H
Ž . Ž Ž . .1 › H xQ. For some component u 9 of u xQ, p , u 9(d ›G ) 0. ByV
Mackey's subgroup formula, u 9 is a component of 1 h ›Q for someV l Q
h g H. Lifting to P, we see that, with f 9 s hy1 fh, u 9(d is a component of
Ž . Ž .1 › P. Hence p is a component of t f 9 . Also clearly e, f 9 g X .U Ž f 9. e ue
Ž . Ž .Hence, by 2 and 17 ,
j j s j for all p g Irr G with p , uq ) 0. 21Ž . Ž .p p
q y Ž .Since u s u , we see, by 9 , that
C J s C J ? j .Ýu u p
pgIrr G
qŽ .p , u )0
Ž . Ž .Hence, by 21 , aj s a for all a g C J . By 18 , ah s a for all a g C J .u u
This completes the proof.
To illustrate Theorem 2.1, we consider the following special situation.
y Ž y .Let G be a finite group with subgroups P, P . Let M s M G, P, P , 1 s
 4 w yx w xG j J j 0 . The sandwich matrix of J is a G : P = G : P matrix
whose entries are 0 and 1. So the semisimplicity of C M is equivalent to
this matrix being invertible. Now
< < < y < yP R GrP s 1 ›G, 1 ›G ; P R GrP s 1 ›G, 1 ›G .Ž . Ž .P P P P
Now suppose 1 ›G s 1 y› G. Let a , . . . , a be the double coset repre-P P 1 t
sentatives of P R GrP and let b , . . . , b be the double coset representa-1 t
tives of PyR GrP. The Hecke algebra,
H J s e ? C J ? e , e s e .Ž .C P
If e is the standard idempotent of J, then e a eb e , 1 F i F t, 1 F j F t,i j
Ž . Ž .form a basis for H J . Hence H J is a Munn algebra with sandwichC C
matrix,
< y <b Pa l P Pi j
V s a , a s .Ž .i j i j < <P
Hence, by Theorem 2.1, we have
Ž y .COROLLARY 2.2. If M s M G, P, P , 1 , then C M is semisimple if and
only if 1 ›G s 1 y› G and V is in¤ertible.P P
EXAMPLE 2.3. Let G s S , P s S , Py the symmetric group onn ny1
 4 Ž y .2, . . . , n . Let M s M G, P, P , 1 . The direct method of checking
semisimplicity of C M involves checking the invertibility of the n = n
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sandwich matrix of J. Since P, Py are conjugate, 1 ›G s 1 y› G. ClearlyP P
Ž .1 and 1n are double coset representatives for both P R GrP and
PyR GrP. It is easily seen that
n y 2
1
V s .n y 1
0 1
Hence, by Corollary 2.2, C M is indeed semisimple.
3. MONOIDS OF LIE TYPE
w x yLet G be a finite group of Lie type; cf. 1 . Let B, B be opposite Borel
subgroups of G with T s B l By and let U, Uy denote the unipotent
radicals of B, By, respectively. Let F, Fq, W, and S denote, respectively,
the root system of G, the set of positive roots, the Weyl group of G, and
the generating set of simple reflections of W. If w g W, let w g G denoteÇ
w xthe coset representative as in 1, Sect. 1.18 . Let F , l denote the
Bruhat]Chevalley order and the length function on W, respectively. For
I : S, let W denote the parabolic subgroup of W generated by I. LetI
D s x g W x is of minimum length in xW . 22 4 Ž .I I
If K, K 9 : I, define
K ; K 9 if K 9 s K x s xy1Kx for some x g W ,I I
23Ž .
K $ K 9 if K : K 0 ; K 9 for some K 0 : I.I I}
If K : I, let
K x xD s x g D K : I and K ; K . 24 4 Ž .I I I
Let P s BW B, Py s ByW By denote the standard opposite parabolicI I I I
subgroups of G with common Levi subgroup L and respective unipotentI
y w xradicals U , U . Let x g W. Then, by 1, Proposition 2.3.3 ,I I
x g D m x U l L xy1 : U. 25Ž . Ž .I I
w xAlso, by 1, Theorem 2.7.4 , for any K : I,
x g D « L l xy1L x s L for some R : I. 26Ž .I I K R
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w xThen, by 1, Theorem 2.8.7 ,
xy1P x l L s L U l L . 27Ž . Ž .K I R R I
A finite regular monoid M with unit group G is a monoid of Lie type if
Ž y .all the local monoids are of the form M G, P , P , L rN for some I : S,I I I
w xN e L ; cf. 7, 9 . Any finite reductive monoid is a monoid of Lie type; cf.I
w x Ž . w x12, 13 . The canonical monoid M s M G constructed in 12 , modeled
after the canonical compactification of a reductive group, is a monoid of
Ž y .Lie type whose local monoids are of the form M G, P , P , L . A localI I I
monoid of any monoid of Lie type is a homomorphic image of some local
monoid of M. We begin therefore by considering the canonical monoid M.
The non-zero J-classes of M are J , I : S. There are standard idempo-I
tents e g J , I : S, such that, for all I, K : S,I I
J n J s J , e e s e e s e .I I I l K I K K I I l K
Ž . yŽ . y Ž . yŽ . yMoreover P e s P , P e s P , U e s U , U e s U . We writeI I I I I I I I
Ž .Irr G for Irr G and we modify 11 slightly to exclude the zero J-class.I JI
Then Irr G consists of the irreducible characters of G coming fromI
w xcuspidal characters of L as in 1, Chap. 9 . If K : I : S, letI
e s e , e s e , t s t . 28Ž .K U I , K L lU K UK I K K
Since U eU,K
e s e e s e e , K : I. 29Ž .K I I , K I , K I
Also let
C L s C L ,[I , K I , u
ugIrr LK I
C J s C J s CG ? e ? C L ? CG.[ [I , K I , u I I , u
ugIrr L ugIrr LK I K I
Ž . Ž .  4  4If f g E J , e g E J , f F e, then f , e is conjugate to e , e . HenceK I K I
we only need to consider the Hecke algebras
H I , K s e ? C J ? e , K : I. 30Ž . Ž .C K I , K K
Ž . Ž .Let x g D and let R be as in 26 . By 27 , U l L is the unipotentI R I
y1 wradical of the parabolic subgroup x P x l L of L . Hence, by 1,K I I
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xTheorem 8.2.7 ,
K $r R « u s 0 in C L . 31Ž .ÝI I , K}
ugU lLR I
< < < < Ž .If K $ R, then, since W F W , we see that K ; R. So, by 26 ,I R K I}
xy1L x s L . So xF xy1 s F . Since x g D : D , xFqxy1 s Fq.K R R K I R R K
Hence K x s R. Thus
K $ R « K ; R and x g D K . 32Ž .I I I}
Ž . Ž .By 24 and 28 ,
x g D K « xy1e s e x xy1e , e x s e xe x . 33Ž .Ç Ç Ç ÇI K I , K K K K I , K
Let x g D K, u g U. Then u s u u , u g L l U, u g U . SinceI 1 2 1 K 2 K
xy1L x s L x : L ,K K I
xy1 ue s xy1 u e s xy1 u x ? xy1e : L xy1e .Ç Ç Ç Ç Ç ÇK 1 K 1 K I K
Similarly e ux : e xL . ThusÇK K I
x g D K « xy1Ue : L xy1e , e Ux : e xL . 34Ž .I K I K K K I
By the Bruhat decomposition,
G s " Pyxy1 U s " UxP .I
xgD xgDI I
Hence
J s Ge G s " Uxe L yy1U. 35Ž .I I I I
x , ygDI
Ž . Ž .Let x g D and let R be as in 26 . Suppose K $r R. Then, by 29 andI I}
Ž .31 ,
e xy1e s e e xy1e s 0,Ç ÇI K I I , R K
36Ž .
e xe s e xe e s 0Ç ÇK I K I , R I
Ž . Ž .in C J . Hence, by 34 ] 36 ,I, K
e J e s e xe L yy1e 37Ž .DK I K K I I K
Kx , ygDI
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Ž . Ž .in C J . Now, by 23 and 27 ,I, K
K y1 y y1x g D « x U x : U L l x U x UI K I I K I
yw xxs U L l U U .I I K I
Hence
x g D K « e xy1e xe s e e x . 38Ž .I I K I I I , K
Ž . Ž . Ž .By 30 , 33 , and 37 ,
H I , K s e x ? e e x C L e y ? yy1e . 39Ž . Ž .Ç ÇÝC K I I , K I , K I , K K
Kx , ygDI
We have maps
CG “ e CGe “ e C L ( C L “ C LI I I I I I , K
resulting in a map s : CG “ C L . For x, y g D K, letI, K I
Q s s e x xy1e ye y g e x C L e y . 40Ž .Ç ÇŽ .x , y I , K K I , K I , K I , K I , K
Ž .By 38 ,
Q s e x , x g D K . 41Ž .x , x I , K I
w xIf x, y g D , then, by 5, Lemma 2.2 ,I
xy1Uy l PyP / B « x F y. 42Ž .I I
Hence, for x, y g D K,I
Q s 0 if x g y. 43Ž .x , y
Let
B s C L ; e x , x g D KŽ .I , K I , K I
Ž .and consider the algebra B; V with sandwich matrix
V s Q 44Ž .Ž .x , y
Ž . Ž . Ž .as in 12 . Then, by 39 and 40 , we have a natural homomorphism from
Ž . Ž . KB; V onto H I, K . If the elements of D are arranged in lengthC I
non-decreasing order, then V becomes a unipotent upper triangular
matrix. Hence, in B,
y1 ÄV s Q 45Ž .ž /x , y
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is a unipotent upper triangular matrix and, for x, y g D K with x - y,I
tÄQ s y1 Q Q ??? Q . 46Ž . Ž .Ýx , y x , x x , x x , x1 2 2 3 ty1 t
xsx - ??? -x sy1 t
y1 Ž .V is clearly the identity element of B; V .
THEOREM 3.1. Let I : S. Then
Ž . Ž .i For K : I, the Hecke algebra H I, K is a semisimple algebra withC
unity
Ä y1h s e xe Q y e .Ç ÇÝI , K K I x , y K
Kx , ygDI
Ž .ii C J is a semisimple algebra with unityI
deg p
y1h s 1 y 1 y xh x ,Ł Ł ÝI I , Kž /< <G p , tŽ .K:I pgIrr G K xgGK
where each product is in any order.
Proof. The formula for h follows from the preceding dicsussion.I, K
q y w xThat u s u follows from 1, Proposition 8.2.7 . By Theorem 2.1, C J andI
Ž .hence each H I, K is semisimple. The formula for h then follows fromC I
the proof of Theorem 2.1.
Ž q.Let K : S, p g Irr G. Then p , u ) 0 for some irreducible cuspidalK
Ž .character u of L . Let V s N W ,K W K
xV s x g V u s u . 4u
w xBy 1, Proposition 9.1.5 ,
w x qp , t s V : V p , u deg p . 47Ž . Ž . Ž .K u
K , u w x Ž q.If W s V rW , then, by 1, Chap. 10 , p , u is the degree of anu K
Ž K , u .irreducible representation of a twisted group algebra CW . Moreover,m
K , u Ž . < K , u <for w , w g W , m w , w is an mth root of unity where m s 2 W .1 2 1 2
w x Ž K , u .So, by 6, Lemma 2.3 , CW is the homomorphic image of the groupm
< K , u < Ž q. < K , u < 2algebra of a group of order m W . Hence p , u divides 2 W . By
Ž . Ž . < <47 , any prime divisor of p , t divides G . Hence, by Theorem 3.1,K
1
h g Z J .I I< <G
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If J is a J-class of any monoid of Lie type, then J 0 is a homomorphic
image of some J 0. Hence we haveI
THEOREM 3.2. Let M be a finite monoid of Lie type with unit group G.
Then, for any field F, FM is semisimple if and only if the characteristic of F
does not di¤ide the order of G.
That C M is semisimple for a finite monoid M of Lie type was first
w x w xproved by Okninski and the author 5 . Then Kovacs 4 proved that, forÂ Â
Ž . mM F , q s p , the algebras FJ have unities provided that F is not ofn q
w xcharacteristic p. Salwa 14 proved the semisimplicity of C M for general-
ized monoids of Lie type.
Even though we were able to deduce Theorem 3.2 from Theorem 3.1,
the formulas for h and h can hardly be called explicit. In the nextI I, K
section we derive explicitly formulas when I s B.
4. EMPTY LEVEL ALGEBRAS
In this section we will assume that G is a simply connected Chevalley
group over F . Hence G has the same Weyl group as the underlyingq
Ž .reductive group G, and the semisimple group G, G is simply connected.
< < < q<Let m s U s F denote the number of positive roots. For a reflection
s, let X and Xy denote the associated positive and negative rootS S
subgroups of G. If s g S, then we have a decomposition
U s X U s U X , Uys XyUy s UyXy . 48Ž .s s s s s s s s
Since G is a Chevalley group,
< < < y<X s X s q. 49Ž .s s
For a reflection s, let
² y:T s X , X l T , t s t g CT . 50Ž .Ýs S s s
tgTs
Then
2  4 ys g T , X y 1 s : X T X . 51Ž .Ž .Ç Çs s s s s
Since G is simply connected,
< < y1 y1T s q y 1, sts t g T for all t g T . 52Ž .s s
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Let s , s be reflections in W. Then, for t g T ,1 2 s2
sy1 ts g T t : T T .1 1 s s s1 1 2
Since s clearly normalizes T , it also normalizes T T . Hence t com-1 s s s s1 1 2 1
mutes with t t . Thuss s1 2
s t t s t t s s t t s s t s t . 53Ž .Ç Ç Ç Ç1 s s s s 1 s s 1 s 1 s1 2 1 2 2 1 2 1
Ž .We want to sharpen Theorem 3.1 when I s K s B. Let H B sC
ÄŽ . Ž . Ž . Ž .H B, B . Let V, Q , and Q be as in 40 , 44 , and 45 . Then, forC x, y x, y
x, y g W,
ym y y1Q s q U tU l x Uy t g CT . 54Ž .Ç ÇÝx , y
tgT
We begin by showing that the elements Q of CT satisfy recursion rulesx, y
w xanalogous to the R-polynoimals of Kazhdan and Lusztig 3 . This is
 4perhaps not surprising since the map T “ 1 transforms Q intox, y
lŽ x .y lŽ y . w xq R by 8, Theorem 2.4 . However the calculations within CT arex, y
much more subtle because of the non-trivial action of W on T.
Ž .THEOREM 4.1. i Q s t rq if s g S.1, s s
Ž .ii Q s 1 for x g W.x, x
Ž .iii Q s 0 for x, y g W, x g y.x, y
Ž .iv For x, y g W, s g S, x - y, ys - y, we ha¤e
¡ y1s Q s if xs - x ,x s , y~ t 1Q s sx , y y1Q q s Q s if x - xs.x , y s x s , y s¢q q
Ž . Ž . Ž . Ž . Ž . Ž . Ž .Proof. i follows from 48 ] 52 and 54 . ii and iii follow from 41
Ž . Ž .and 43 . So we prove iv . Let x - y, s g S, w s ys - y. First assume that
z s xs - x. Then, for t g T ,
< y y1 <U tU l x UyÇ Ç
< y y1 y1 <s U tU l s z UwsÇ Ç ÇÇ
< y y y1 y1 <s X U tU X l s z UwsÇ Ç ÇÇs s s s
< y y y1 y1 <s sX U tU X s l z UwÇ Ç Ç Çs s s s
< y y1 y y1 <s X U ? sts ? U X l z UwÇ Çs s s s
< y y1 y1 <s X U ? sts ? U l z Uw .Ç Çs s
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Let u g U, a g X such thats
zy1 uw g aUy? stsy1 ? U .Ç Ç s
Ž . Ž . Ž . Ž .Since l z - l zs and l w - l ws ,
zX zy1 : U, wX wy1 : U.s s
Hence
u9 s zay1 zy1 ? u ? wawy1 g UÇ Ç Ç Ç
and
zy1 u9w s ay1 ? zy1 uw ? a g Uy? stsy1 ? U X s Uy? stsy1U.Ç Ç Ç Ç s s
Hence
< y y1 y1 < < y y1 y1 <X U ? sts ? U l z Uw s U ? sts U l z Uw .Ç Ç Ç Çs s
Thus
< y y1 < < y y1 y1 <U tU l x Uy s U ? sts U l z Uw .Ç Ç Ç Ç
So
Q s sy1 Q s if z s xs - x . 55Ž .x , y z , w
Next assume that z s xs ) x. Then
wX wy1 : U, xX xy1 : U. 56Ž .s s
For t g T ,
< y y1 <U tU l x UyÇ Ç
< y y y1 <s X U tX U l x UwsÇ ÇÇs s s s
< y y y1 y1 <s X U tX U s l x UwÇ Ç Çs s s s
< y1 y y1 y y1 y1 <s s X sU ts X sU s l x UwÇ Ç Ç Ç Ç Ç Çs s s s
< y1 y y1 y y1 <s s X U ? sts ? X U l x UwÇ Ç Çs s s s
< y1 y y1 y1 <s s X U ? sts ? U l x UwÇ Ç Çs s
< y y1 y1 < < y1 y y1 y1 <s T U ? sts ? U l x Uw q s U ? sts ? U l x UwÇ Ç Ç Ç Çs s s
by 51 and 56Ž . Ž .
< y y1 y1 < < y y1 y1 <s U ? T ? sts ? U l x Uw q U ? sts ? U l z UwÇ Ç Ç Çs s s
1 1
y y1 y1 y y1 y1< < < <s U ? T ? sts ? U l x Uw q U ? sts ? U l z UwÇ Ç Ç Çs sq q
by 56 .Ž .
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Hence
t 1s y1 y1Q s s Q s q s Q s if z s xs ) x . 57Ž .x , y x , w z , wq q
Ž .Let A denote the subalgebra without 1 generated by t , r a reflectionr
Ž . Ž . Ž .of W. By i , 55 , and 57 ,
Q g A for all x , y g W . 58Ž .x , y
Ž . y1 Ž . y1By 53 , t s commutes with Q in 57 . Hence t s Q s s t Q .Çs x, w s x, w s x, w
This completes the proof.
Ž .EXAMPLE 4.2. Let G s SL F . The reflections of W s S are a s3 q 3
Ž . Ž . Ž .12 , b s 23 , g s 13 . Then, in CT ,
t s diag a, 1ra, 1 ,Ž .Ýa
a
t s diag 1, a, 1ra ,Ž .Ýb
a
t s diag a, 1, 1ra .Ž .Ýg
a
Let
t s t s diag a, b , 1rab .Ž .Ý Ý0
tgT a , b
Then
t s t t s t t s t t .0 a b a g b g
Ž .By Theorem 4.1, the sandwich matrix V s Q of the Hecke algebrax, y
Ž .H B is given byC
1 a b ab ba g
¡ ƒt t t t q y 1a b 0 01 1 t q qt0 g2 2 3q q q q q
t t tb g 0a 0 1 0 2q q q
tg t ta 0b 0 0 1 2q q q .
taab 0 0 0 1 0
q
tbba 0 0 0 0 1
q
g ¢ §0 0 0 0 0 1
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Ä lŽ x .q lŽ y .Ž . Ž .THEOREM 4.3. i For x, y g W, Q s y1 Q .x, y x, y
Ž . Ž .ii The unity of H B is gi¤en byC
Ž . Ž .l x ql y y1y1 e xe Q y e .Ž . Ç ÇÝ B B x , y B
x , ygW
Ž .iii The unit of C J is gi¤en byB
Ž .l zy2 m lŽ x .y lŽ y. y1 y1
y1q yq q uxe Q t y ¤ .Ž . Ç ÇÝ Ý Ý B 1, z
zgW x , ygW u , ¤gU
tgT
y1 yy ¤uxgU tzUÇ Ç Ç
Ž .Proof. i Let x, w g W, x - w. We need to show that
Ž .l yy1 Q Q s 0.Ž .Ý x , y y , w
ygW
Ž .We proceed by induction on l w . Let s g S such that ws - w. Suppose
first that xs - x. Then, by Theorem 4.1,
Ž .l yy1 Q QŽ .Ý x , y y , w
y
Ž .l y y1s y1 Q ? s Q sŽ .Ý x , y y s , w s
ys-y
t 1sŽ . Ž .l y l y y1q y1 Q ? Q q y1 Q ? s Q sŽ . Ž .Ý Ýx , y y , w s x , y y s , w sq qy-ys y-ys
Ž .l y y1s y1 s Q Q sŽ .Ý x s , y s y s , w s
ys-y
t 1s Ž . Ž .l y l y y1q y1 Q Q q y1 Q ? s Q s.Ž . Ž .Ý Ýx , y y , w s x , y y s , w sq qy-ys y-ys
If y - ys,
t 1s y1Q s Q q s Q s,x s , y s x s , y x , yq q
Q s sy1 Q s s sQ sy1 .x , y s x s , y x s , y
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Hence
1 tsy1 y1Q s sQ s y sQ sx , y x s , y s x s , yq q
tsy1s s Q s y Q .x s , y s x , y sq
So
1 Ž .l y y1y1 Q ? s Q sŽ .Ý x , y y s , w sq y-ys
tsŽ .l y y1 y1s y1 s Q Q s y Q ? s Q sŽ .Ý Ýx s , y s y s , w s x , y s y s , w sqy-ys y-ys
Ž .l y y1s y1 s Q Q sŽ .Ý x s , y s y s , w s
y-ys
tsq Q Q by 53 and 58 .Ž . Ž .Ý x , y y , w sq ys-y
Thus
Ž .l yy1 Q QŽ .Ý x , y y , w
y
tsy1s s Q Q s q Q QÝ Ýx s , y y , w s x , y y , w sqy y
s 0
by the induction hypothesis.
Assume next that x - xs. Then, by Theorem 4.1,
Ž .l yy1 Q QŽ .Ý x , y y , w
y
Ž .l y y1s y1 Q ? s Q sŽ .Ý x , y y s , w s
ys-y
t 1s Ž . Ž Ž .l y l y y1q y1 Q Q q y1 s Q Q s.Ž . Ž .Ý Ýx , y y , w s x s , y s y s , w sq qy-ys y-ys
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If ys - y, then
t 1s y1Q s Q q s Q s.x , y x , y s x s , y sq q
So
Ž .l y y1y1 Q ? s Q sŽ .Ý x , y y s , w s
ys-y
t 1s Ž . Ž .l y l y y1s y1 Q Q q y1 s Q Q sŽ . Ž .Ý Ýx , y s y s , w s x s , y s y s , w sq qys-y ys-y
t 1s Ž . Ž .l y l y y1s y -1 Q Q q y1 s Q Q s.Ž . Ž .Ý Ýx , y y , w s x s , y s y s , w sq qs ys-yy-y
Hence
Ž .l yy1 Q QŽ .Ý x , y y , w
y
1 Ž .l yy1s y s -1 Q Q sŽ .Ý x , y y , w sq y
s 0
Ž .by the induction hypothesis. This proves i .
Ž . Ž . wii now follows from Theorem 3.1. To prove iii , we not that, by 5, Eqs.
Ž . Ž .x17 and 18 , finding the unity of C J is the same as finding A g CT ,B x
x g W, such that
A s qym ,1
q my lŽ x .A Q y1 y1 s 0 if y / 1.Ý x x , y
xgW
Ž .By i ,
Ž .l xmylŽ x . Äy1q A s Q s y1 Q .Ž .x 1, x 1, x
Hence, for z g W,
Ž .l zym
y1A s q yq Q .Ž .z 1, z
The result follows.
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